
Clemson University  
College of Engineering and Science 

Control and Robotics (CRB) Technical Report  

                      
 

Number: CU/CRB/9/15/06/#1 
Title: Dynamic Modelling for Planar Extensible Continuum 

Robot Manipulators 
Authors: E. Tatlicioglu, I. D. Walker, and D. M. Dawson 



Report Documentation Page Form Approved
OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it
does not display a currently valid OMB control number. 

1. REPORT DATE 
2006 2. REPORT TYPE 

3. DATES COVERED 
  00-00-2006 to 00-00-2006  

4. TITLE AND SUBTITLE 
Dynamic Modelling for Planar Extensible Continuum Robot
Manipulators 

5a. CONTRACT NUMBER 

5b. GRANT NUMBER 

5c. PROGRAM ELEMENT NUMBER 

6. AUTHOR(S) 5d. PROJECT NUMBER 

5e. TASK NUMBER 

5f. WORK UNIT NUMBER 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 
Clemson University,Department of Electrical & Computer 
Engineering,Clemson,SC,29634-0915 

8. PERFORMING ORGANIZATION
REPORT NUMBER 

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S) 

11. SPONSOR/MONITOR’S REPORT 
NUMBER(S) 

12. DISTRIBUTION/AVAILABILITY STATEMENT 
Approved for public release; distribution unlimited 

13. SUPPLEMENTARY NOTES 
The original document contains color images. 

14. ABSTRACT 

15. SUBJECT TERMS 

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF 
ABSTRACT 

18. NUMBER
OF PAGES 

27 

19a. NAME OF
RESPONSIBLE PERSON 

a. REPORT 
unclassified 

b. ABSTRACT 
unclassified 

c. THIS PAGE 
unclassified 

Standard Form 298 (Rev. 8-98) 
Prescribed by ANSI Std Z39-18 



Dynamic Modelling for Planar Extensible Continuum
Robot Manipulators∗

E. Tatlicioglu, Ian D. Walker, and Darren M. Dawson
Department of Electrical & Computer Engineering, Clemson University, Clemson, SC 29634-0915

etatlic@clemson.edu

Abstract:
In this paper, a new dynamic model for continuum robot manipulators is derived. The dynamic

model is developed based on the geometric model of extensible continuum robot manipulators with
no torsional effects. The development presented in this paper is an extension of the dynamic model
proposed in [19] (by Mochiyama and Suzuki) to include a class of extensible continuum robot
manipulators. Numerical simulation results are presented for a planar 3-link extensible continuum
robot manipulator.

1 Introduction
In most engineered systems, the behaviour of the system is required to be accurately modelled to
improve the performance of the system. In many applications, design simulation and proposed
control algorithms require more than just a simple kinematic or dynamic model [2]. Not only
an accurate model but a real-time calculation of the dynamic model is also needed for control
algorithms or simulations.
The desire to enhance the performance of robot manipulators resulted in a renewed interest in

continuum robots [22]. To our best knowledge, the concept of continuum robot was Þrst introduced
in the 1960�s [1]. Numerous designs of continuum robots were presented in [4], [6], [9], [12], and
[15]. Recently, there has been an increasing interest in designing �biologically inspired� continuum
robots. Some of these designs are mimicking trunks [8], [25], tentacles [17], [21], [24] and snakes [9].
Several commercial implementations have appeared (i.e., [3] and [10]).
The results in this paper are motivated by and are applicable to the OCTARM continuum ma-

nipulator. The OCTARM manipulator is a biologically inspired soft robot manipulator resembling
an elephant trunk or an octopus arm [18]. The OCTARM, shown in Figure 1, is a three-section
robot with nine degrees of freedom. Aside from two axis bending with constant curvature, each
section is also capable of extension. The bending and extension capabilities of OCTARM makes
it suitable for a wide variety of physical applications ranging from whole arm grasping of vari-
ous shapes of payloads to navigation of unstructured environments [17] and provides an increased
workspace compared to its inextensible counterparts [26]. In [13], Jones and Walker presented a
kinematic model for a general class of continuum robots. While the kinematic model proposed in

∗This work is supported in part by a DOC Grant, an ARO Automotive Center Grant, a DOE Contract, a
Honda Corporation Grant, and by the Defense Advanced Research Projects Agency (DARPA), Contract Number
N66001-C-8043.
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[13] is applicable to OCTARM, none of the dynamic models proposed in current literature meets
the demands. The modelling of dynamic behaviour of extensible (variable length) continuum robot
manipulators is an important open research area.
There has been some previous research in dynamic modelling of biologically inspired robot

manipulators. In two recent papers [14], [16], the authors presented dynamic models for snake-like
robots. However, in both cases, hyper-redundant serial rigid-link systems are considered. This
does not model the continuous nature of continuum robot shapes. In [27], researchers presented
a 2-D dynamic model for the octopus arm. However, while allowing extensibility, the model is
based on an approximation (by a Þnite number of linear models) to the true continuum case. In
[6], Chirikjian and Burdick considered extensibility of hyper-redundant manipulators. A kinematic
model was presented based on the modal approach introduced in [7] and a dynamic model was
proposed in [5]. In [11], Ivanescu et. al proposed a dynamic model for an extensible tentacle arm.
However, the dynamic model proposed in [5] for 3-D case remains in integral differential form, which
makes it problematic for real-time control and the dynamic model suggested in [11] was computed
only as an approximation in closed form. In [19] and [20], Mochiyama and Suzuki presented a
three-dimensional dynamic model for an inextensible (constant length) continuum manipulator.
Mochiyama and Suzuki considered the continuum robot as a combination of slices where each slice
is considered to be a rigid link. To derive the dynamic model, limit of a serial rigid chain model
is obtained as the kinematic degrees of freedom goes to inÞnity. However, the suggested dynamic
model is in integral form and also does not include extensible manipulators.
In this paper, the work in [19] is modiÞed and extended in order to include the important class

of extensible continuum robot manipulators. A geometric model of a 3-link extensible continuum
robot manipulator with a circular cross-section is considered (see Figure 2). For simplicity, the
geometric model is assumed to have no torsional effects. After presenting the system model and
model properties, the kinetic energy of a slice of the continuum robot is evaluated. The total kinetic
energy of the manipulator is obtained by utilizing a limit operation (i.e., sum of the kinetic energy of
the slices). By utilizing a Lagrange representation, the dynamic model of a planar 3-link extensible
continuum robot manipulator is obtained. It is also proved that the skew-symmetry property is
satisÞed for the presented dynamic model (i.e.,

³
úM (q)− 2V (q, úq)

´
is skew-symmetric). Numerical

simulation results are presented for a planar 3-link extensible continuum robot manipulator.

2 System Model and Properties
The geometric model of a 3-link extensible continuum robot manipulator utilized in this paper is
presented in Figure 2. This geometric model is a good model of OCTARM, a soft continuum robot
manipulator, which is shown in Figure 1.
The following convention, which is adopted from [19], will be adhered throughout the following

development. The matrix, 0Φ (0) ∈ SO (3) represents the orientation matrix of the base frame, and
0p (0) ∈ R3 represents the position vector of the origin. The matrices, 0Φ (σ, t) , ξΦ (σ, t) ∈ SO (3)
represent the orientation matrices of the extended Frenet frame at σ relative to the base frame
and ξΦ (ξ, t) ∈ SO (3), respectively. The vectors, 0p (σ, t) , ξp (σ, t) ∈ R3 represent the position
vectors of the point σ relative to the origin as viewed from the base frame and ξΦ (ξ, t), respectively.
For simplicity, the notation of Φ (σ, t) and p (σ, t) will be preferred instead of σΦ (σ, t) and σp (σ, t)
throughout the rest of the paper. The section lengths of the manipulator are denoted as di (t) ∈ R+,
i = 1, 2, 3, and κ (σ, t) ∈ R represents the curvature of the point σ. The total length of the robot
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Figure 1: Octarm Continuum Robot (version 5.2) in Clemson University Mechatronics Laboratory

manipulator, denoted as d (t) ∈ R+, is equal to the following

d (t) , d1 (t) + d2 (t) + d3 (t) . (1)

The system model is assumed to satisfy the following properties.

Property 1 The curvature κ of each point σ of the manipulator is a function of both time and σ.
Consistent with the OCTARM, it is assumed that the curvature of a link is only function of
time (i.e., κ (σ, t) = κi (t) if σ is a point on Link i, i = 1, 2, 3). It is assumed in the analysis
that the curvature is always non-zero (i.e., κ (σ, t) 6= 0 ∀ (σ, t)).

Property 2 In Figure 2, p (ξ, t) ∈ R3 is the position vector of point ξ of the backbone curve and
pc (ξ, t) ∈ R3 is the position vector of the center of mass of the slice at ξ. Again consistent with
the OCTARM, it is assumed that p (ξ, t) and pc (ξ, t) coincide (i.e., ∆p (ξ) =

£
0 0 0

¤T
).

Property 3 The mass density of the robot manipulator is uniform. The line mass density of the
slice, denoted as m (σ, t) ∈ R, is deÞned as follows

m (σ, t) =
m

d (t)
(2)

where m ∈ R is the total mass of the manipulator.
Property 4 Since the system is assumed to be planar with no torsional effects, then the system

has no gravitational potential energy.

3 Dynamic Modelling
The orientation matrix of the extended Frenet frame at σ with respect to the base frame, denoted
as 0Φ (σ, t), is given as follows

0Φ (σ, t) =

 cos (σκ (σ, t)) 0 − sin (σκ (σ, t))
0 1 0

sin (σκ (σ, t)) 0 cos (σκ (σ, t))

 (3)
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The orientation matrix given in (3) is equal to the orientation matrix provided in Equation (8) of
[13] with the angle of curvature is equal to zero (i.e., φ (σ, t) = 0). The change of the orientation
matrix along the manipulator is characterized by the following equation

∂ 0Φ (σ, t)

∂σ
= 0Φ (σ, t) a× (σ, t) (4)

where a× (σ, t) ∈ R3×3 is the skew-symmetric matrix of the frame rate vector a (σ, t) ∈ R3. After
utilizing (3) and (4), a (σ, t) and a× (σ, t) can be deÞned as follows

a (σ, t) =

 0
−κ (σ, t)

0

 , a× (σ, t) =

 0 0 −κ (σ, t)
0 0 0

κ (σ, t) 0 0

 . (5)

The position vector of the point σ from the origin p (0) with respect to the base frame, denoted as
0p (σ, t), is evaluated as follows

0p (σ, t) =

Z σ

0

0Φ (η, t) e×dη (6)

where e× ,
£
1 0 0

¤T
. The orientation matrix of the extended Frenet frame at σ relative to

Φ (ξ, t), denoted as ξΦ (σ, t), is calculated as follows

ξΦ (σ, t) , 0ΦT (ξ, t) 0Φ (σ, t) . (7)

The position vector of the point σ relative to the origin as viewed from Φ (ξ, t), denoted as ξp (σ, t),
is evaluated as follows

ξp (σ, t) , 0ΦT (ξ, t) 0p (σ, t) . (8)

The internal variable vector at σ which is denoted as θ (σ, t) ∈ R2 is deÞned as follows

θ (σ, t) ,
·
l (σ, t)
κ (σ, t)

¸
(9)

where l (σ, t) and κ (σ, t) reßect the extension and curvature of the model. The extended axis matrix
A (θ (σ, t)) ∈ R6×2 is deÞned as follows

A (θ (σ, t)) ,
·
1 0 0 0 0 0
0 0 0 0 −1 0

¸T
. (10)

So far, the main extension of this development over [19] is the deÞnition of the internal variable
vector. The extensibility of our model is reßected by designing θ (σ, t) to include l (σ, t). This
design allows the model to extend in each section, which results in a variable total length, while
the geometric model presented in [19] had a constant total length. As a consequence of this new
design for the internal variable vector, the extended axis matrix is modiÞed accordingly. The adjoint
matrix Adg(σ,η,t) ∈ R6×6 in terms of the rigid body transformation g (σ, η, t) ∈ SE (3) is deÞned as
follows

Adg(σ,η,t) ,
·
σΦ (η, t) (σp× (η, t)− σp× (σ, t)) σΦ (η, t)
03×3 σΦ (η, t)

¸
(11)
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where 03×3 ∈ R3×3 is a matrix of zeros. The kinetic energy of the slice at σ (see Figure 2) is given
as follows [19]

K (σ, t) , 1

2

σZ
0

σZ
0

∂θT (η, t)

∂t
A
T
(η, t)AdTg(σ,η,t)M (σ, t)Adg(σ,ξ,t)A (ξ, t)

∂θ (ξ, t)

∂t
dηdξ (12)

where M (σ, t) ∈ R6×6 is the inertia matrix of the slice at σ which is deÞned as follows

M (σ, t) ,
·

m (σ, t) I3 −m (σ, t)∆p× (σ)
m (σ, t)∆p× (σ) I (σ)

¸
(13)

where m (σ, t)∆p (σ) ∈ R3 is the Þrst moment of inertia of the slice, I (σ) ∈ R3×3 is the inertia
tensor of the slice, and I3 ∈ R3×3 is the standard identity matrix. The inertia tensor of the slice is
assumed to be of the following form

I (σ) , mr2

2d

 1 0 0
0 0 0
0 0 0

 (14)

where r is the radius of the circular cross-section of the robot manipulator. After utilizing Properties
1 and 2, the inertia matrix of the slice at σ can be evaluated as follows

M (σ, t) = diag
©

m
d
, m

d
, m

d
, mr2

2d
, 0 , 0

ª
. (15)

Due to the piecewise deÞnition of the curvature (see Property 1), the kinetic energy of the slice at
σ which is formulated by (12) will not be evaluated explicitly. However, by sliding the slice at σ
over every section of the manipulator, the kinetic energy of every slice at σ can be calculated. The
expression in (12) can be rewritten as follows

K (σ, t) =

σZ
0

σZ
0

I (σ, η, ξ, t) dηdξ (16)
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where I (σ, η, ξ, t) is the integrand deÞned as follows

I (σ, η, ξ, t) , m

2d

n
úl (ξ, t) úl (η, t) cos (ξκ (ξ, t)− ηκ (η, t)) (17)

+úl (ξ, t) úκ (η, t)

·µ
1

κ (η, t)
− 1

κ (σ, t)

¶
cos (ξκ (ξ, t))

+
1

κ (σ, t)
cos (ξκ (ξ, t)− σκ (σ, t))− 1

κ (η, t)
cos (ξκ (ξ, t)− ηκ (η, t))

¸
+úκ (ξ, t) úl (η, t)

·µ
1

κ (ξ, t)
− 1

κ (σ, t)

¶
cos (ηκ (η, t))

+
1

κ (σ, t)
cos (σκ (σ, t)− ηκ (η, t))− 1

κ (ξ, t)
cos (ξκ (ξ, t)− ηκ (η, t))

¸
+úκ (ξ, t) úκ (η, t)

·
1

κ (σ, t)

µ
1

κ (ξ, t)
+

1

κ (η, t)
− 2

κ (σ, t)

¶
cos (σκ (σ, t))

+
2

κ2 (σ, t)
+

1

κ (ξ, t)

µ
1

κ (σ, t)
− 1

κ (η, t)

¶
cos (ξκ (ξ, t))

− 1

κ (ξ, t)

1

κ (σ, t)
(1+ cos (ξκ (ξ, t)− σκ (σ, t)))

− 1

κ (η, t)

1

κ (σ, t)
(1+ cos (σκ (σ, t)− ηκ (η, t)))

+
1

κ (η, t)

µ
1

κ (σ, t)
− 1

κ (ξ, t)

¶
cos (ηκ (η, t))

¸¾
.

The total kinetic energy of the system is deÞned as follows

K (t) ,
d(t)Z
0

K (σ, t) dσ (18)

where K (σ, t) is the kinetic energy of the slice at σ. The upper limit of the integral in (18) is the
total length of the manipulator, which is a function of time as a result of the extensible nature of our
geometric model. However, the total length of the manipulator in [19] was constant. To facilitate
the subsequent development, the total kinetic energy of the system will be rewritten as follows

K (t) =

d1(t)Z
0

K1 (σ, t) dσ +

d2(t)Z
d1(t)

K2 (σ, t) dσ +

d3(t)Z
d2(t)

K3 (σ, t) dσ (19)

where Ki (σ, t) is the kinetic energy of slice σ when σ is a point on Link i, i = 1, 2, 3. To facilitate
the subsequent development Iijk (σ, η, ξ, t) is deÞned as follows

Iijk (σ, η, ξ, t) , I (σ, η, ξ, t)|σ ∈ Link i,η ∈Link j,ξ ∈ Link k (20)

where for any s ∈ Link i means úl (s) = údi (t) and κ (s) = κi (t). After utilizing (16), (19), (20) along
with Property 1, Ki (σ, t), i = 1, 2, 3 can be evaluated as follows

K1 =

σZ
0

σZ
0

I111 (σ, η, ξ, t) dηdξ (21)
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K2 (σ, t) =

d1(t)Z
0

d1(t)Z
0

I211 (σ, η, ξ, t) dηdξ +

d1(t)Z
0

σZ
d1(t)

I221 (σ, η, ξ, t) dηdξ

+

σZ
d1(t)

d1(t)Z
0

I212 (σ, η, ξ, t) dηdξ +

σZ
d1(t)

σZ
d1(t)

I222 (σ, η, ξ, t) dηdξ (22)

K3 (σ, t) =

d1(t)Z
0

d1(t)Z
0

I311 (σ, η, ξ, t) dηdξ +

d1(t)Z
0

d2(t)Z
d1(t)

I321 (σ, η, ξ, t) dηdξ

+

d1(t)Z
0

σZ
d2(t)

I331 (σ, η, ξ, t) dηdξ +

d2(t)Z
d1(t)

d1(t)Z
0

I312 (σ, η, ξ, t) dηdξ

+

d2(t)Z
d1(t)

d2(t)Z
d1(t)

I322 (σ, η, ξ, t) dηdξ +

d2(t)Z
d1(t)

σZ
d2(t)

I332 (σ, η, ξ, t) dηdξ

+

σZ
d2(t)

d1(t)Z
0

I313 (σ, η, ξ, t) dηdξ +

σZ
d2(t)

d2(t)Z
d1(t)

I323 (σ, η, ξ, t) dηdξ

+

σZ
d2(t)

σZ
d2(t)

I333 (σ, η, ξ, t) dηdξ. (23)

To facilitate the subsequent development the joint position vector q (t) ∈ R6 is deÞned as follows

q ,
£
d1 d2 d3 κ1 κ2 κ3

¤T
. (24)

After utilizing (17), (19)-(23), the total energy of the system can be evaluated as follows

K (t) = K úd1 úd1

³
úd1
´2
+K úd1 úd2

úd1 úd2 +K úd1 úd3
úd1 úd3 +K úd1 úκ1

úd1 úκ1 +K úd1 úκ2
úd1 úκ2 +K úd1 úκ3

úd1 úκ3 (25)

+K úd2 úd2

³
úd2
´2
+K úd2 úd3

úd2 úd3 +K úd2 úκ1
úd2 úκ1 +K úd2 úκ2

úd2 úκ2 +K úd2 úκ3
úd2 úκ3 +K úd3 úd3

³
úd3
´2

+K úd3 úκ1
úd3 úκ1 +K úd3 úκ2

úd3 úκ2 +K úd3 úκ3
úd3 úκ3 +K úκ1 úκ1 ( úκ1)

2 +K úκ1 úκ2 úκ1 úκ2 +K úκ1 úκ3 úκ1 úκ3

+K úκ2 úκ2 ( úκ2)
2 +K úκ2 úκ3 úκ2 úκ3 +K úκ3 úκ3 ( úκ3)

2 .

In (25), K úqi úqj with qi and qj being entries of q (t), are deÞned in Appendix A.

4 Lagrangian Representation
The Lagrangian of the system is deÞned as follows

L (t) , K (t) (26)
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where Property 4 was utilized. Euler-Lagrange equations of motion are deÞned as follows [23]

d

dt

∂L

∂ úqi
− ∂L
∂qi

= τ i , i = 1, 2, ..., 6. (27)

After utilizing (27), the dynamic model of the system is developed as follows

M (q) ¬q + V (q, úq) úq = τ (t) (28)

where M (q), V (q, úq) ∈ R6×6 are the inertia matrix and centripetal-coriolis terms, respectively, and
τ (t) ∈ R6 is the control input. The inertia matrix M (q) and the centripetal-coriolis terms V (q, úq)
are deÞned as follows

M (q) ,


2K úd1 úd1

K úd1 úd2
K úd1 úd3

K úd1 úκ1
K úd1 úκ2

K úd1 úκ3

K úd1 úd2
2K úd2 úd2

K úd2 úd3
K úd2 úκ1

K úd2 úκ2
K úd2 úκ3

K úd1 úd3
K úd2 úd3

2K úd3 úd3
K úd3 úκ1

K úd3 úκ2
K úd3 úκ3

K úd1 úκ1
K úd2 úκ1

K úd3 úκ1
2K úκ1 úκ1 K úκ1 úκ2 K úκ1 úκ3

K úd1 úκ2
K úd2 úκ2

K úd3 úκ2
K úκ1 úκ2 2K úκ2 úκ2 K úκ2 úκ3

K úd1 úκ3
K úd2 úκ3

K úd3 úκ3
K úκ1 úκ3 K úκ2 úκ3 2K úκ3 úκ3

 (29)

V (q, úq) ,


V11 V12 V13 V14 V15 V16
V21 V22 V23 V24 V25 V26
V31 V32 V33 V34 V35 V36
V41 V42 V43 V44 V45 V46
V51 V52 V53 V54 V55 V56
V61 V62 V63 V64 V65 V66

 (30)

where the entries of the inertia matrix and centripetal-coriolis terms are deÞned in Appendices A
and B, respectively.

Remark 1 The inertia matrix M (q) and the centripetal coriolis terms V (q, úq) deÞned in (29) and
(30) with entries deÞned in Appendices A and B satisfy the following property:

ξT
³
úM − 2V

´
ξ = 0, ∀ξ ∈ R6. (31)

When, the matrix
³
úM − 2V

´
is skew-symmetric, then (31) is satisÞed. The proof of

³
úM − 2V

´
being skew-symmetric is provided in Appendix C.

5 Numerical Results

To underline the validity of the proposed dynamic model, two numerical simulations are presented.
In both simulations, the model presented in (28)-(30) is utilized. The model is implemented in
Matlab 7.0. In the Þrst simulation, to illustrate the extensibility in the model, the system is fed
with τ3 (t) being a step function with an amplitude of 10−4 [Nm] for a duration of 5 seconds, while
the other entries of τ (t) are set to zero. While the changes in the curvatures are negligible, the
section lengths are presented in Figure 3. From Figure 3, it is clear that the third section extends
appropriately as expected. In the second simulation, to illustrate both bending and extending
capabilities as well as the dynamic behaviour of the model, the system is fed with the control input

9
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Figure 3: The section lengths for the Þrst simulation

presented in Figures 4 and 5. From Figure 6, it can easily be seen that the third section is extended,
and from Figure 7, it is clear how the third section is bent. The changes in d2, κ1 and κ2 illustrate the
results of the dynamic input and coupling between the sections. However, it should be noted that
the movements observed in κ1 and κ2 are negligible (i.e., the radii of curvature are approximately
10 [m] for both cases). Aside from the presented results, also the dynamic model is observed for
commonly used properties in the performed simulations. In both cases, the dynamic model satisÞed
the skew-symmetry property, and the inertia matrix always has a positive determinant as expected.

6 Conclusions
A novel dynamic model for planar extensible continuum robot manipulators was derived. First, the
kinetic energy of a slice of the continuum robot was evaluated. Then, the total kinetic energy of the
manipulator was obtained by utilizing a limit operation (i.e., sum of the kinetic energy of all the
slices). Finally, the dynamic model of a planar 3-link extensible continuum robot manipulator was
derived, by utilizing the Lagrange representation. Numerical simulation results were presented.
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Appendices

A The Entries of the Inertia Matrix
The entries of the inertia matrix are deÞned as follows1

K úd1 úd1
=
m

dκ21
r20 (32)

K úd1 úd2
=
m

d
{r8 + r9 − r23 − r24} (33)

K úd1 úd3
=
m

d
{r16 + r10 − r25} (34)

K úd1 úκ1
=

m

d

½
− 1
κ31
r1 − d1

κ2d3
r23 − d1

κ2 (d2 + d3)
r24 − 2

κ31
r20 (35)

− d1
κ3d3

r25 − d1r4 + d1
κ1

·
d3 + d2
κ1

− d2
κ2
− d3
κ3

¸
sin (d1κ1)

¾

K úd1 úκ2
=

m

d

½
− 2
κ2
r8 − 2

κ2
r9 − d2

κ3d3
r25 − d2r4 + 1

κ2
r24

+
d3 − d2
κ2d3

r23 − 1

κ1
d2d3

µ
1

κ3
− 1

κ2

¶
sin (d1κ1)

¾
(36)

K úd1 úκ3
=
m

d

½
− 2
κ3
r16 − 2

κ3
r10 +

1

κ3
r25 − d3r4

¾
(37)

K úd2 úd2
=
m

dκ22
r21 (38)

K úd2 úd3
=
m

d
{r26 − r11} (39)

K úd2 úκ1
=

m

d

½
1

κ1
r24 +

d1
κ32
r5 +

d1
κ3d3

r26 − d1
κ2
r13 +

1

κ1
r23 +

d1
κ1
r13

−κ1κ2
µ
d1 (d1 + d2 + d3)

κ1
+

1

κ21κ2
− d1d3

κ3

¶
r8 − 1

κ1
r9

+
d1
κ23
r6 +

d1
κ2

µ
d1
κ1
+
d2
κ2

¶
sin (d1κ2)− d1 (d1 + d2)

κ2κ1
sin ((d1 + d2) κ2)

¾
(40)

1The calculation of the these terms was done by MAPLE 9.5.
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K úd2 úκ2
=
m

d

½
d2
κ3d3

r26 +
d2
κ23
r6 − 1

κ32
r2 − 2

κ32
r21 + d2d3κ1κ2

µ
1

κ3
− 1

κ2

¶
r8

¾
(41)

K úd2 úκ3
=
m

dκ3

½
d3
κ3
r6 − r26 + 2r11

¾
(42)

K úd3 úd3
=
m

dκ23
r22 (43)

K úd3 úκ1
=
m

d

½
d1
κ33
r7 − 1

κ1
r10 − 1

κ1
r16 +

1

κ1
r25 + d1

µ
1

κ1
− 1

κ3

¶·
r14 − d3

κ3
sin ((d1 + d2)κ3)

¸¾
(44)

K úd3 úκ2
=
m

d

½
d2
κ33
r7 − 1

κ2
r26 +

1

κ2
r11 + d2

µ
1

κ2
− 1

κ3

¶·
r14 − d3

κ3
sin ((d1 + d2)κ3)

¸¾
(45)

K úd3 úκ3
=
m

dκ33
{−r3 − 2r22} (46)

K úκ1 úκ1 =
m

d

½
d1

κ1κ2d3
r23 +

d1
κ1κ2 (d2 + d3)

r24 +
d1

κ1κ3d3
r25 +

d1
κ1
r4 + d

2
1κ1

µ
1

κ2
− 1

κ1

¶
r8

+d21κ1

µ
1

κ3
− 1

κ1

¶
r16 +

1

κ41
r1 +

1

κ41
r20 +

d1
κ21

µ
d2
κ2
+
d3
κ3
− d2 + d3

κ1

¶
sin (d1κ1)

+ d21

·
d2
κ22
− d2
κ1κ2

− d3
κ1κ3

+
d3
κ23
+
d3 + d2
2κ21

+
d1
6κ21

¸¾
(47)

K úκ1 úκ2 =
m

d

½·
d2 + d3
κ21

+
2d1
κ2

µ
1

κ2
− 1

κ1

¶¸
r13 +

d2
κ1
r4 +

d2
κ1κ3d3

r25 +
2d2
κ1κ2d3

r23 + (d2 + d3) r17

+d1d2κ1

µ
2

κ3
− 1

κ2
− 1

κ1

¶
r16 +

2

κ1κ2
r9 + κ1

·
−d1d2
κ2

+
d1 (d3 + d2)

κ1
− d1d3

κ3
+

2

κ21κ2

¸
r8

− d1
κ2κ3d3

r26 − d1
κ2κ23

r6 +
d1
κ42
cos (d2κ2)− 2d1d2

κ22

µ
1

κ2
− 1

κ1

¶
sin ((d1 + d2) κ2)

− d2d3
κ21

µ
1

κ2
− 1

κ3

¶
sin (d1κ1)− d1

κ42
+
d1d

2
2

2κ22
− d1d2d3

µ
1

κ1κ3
+

1

κ2κ3
− 1

κ1κ2
− 2

κ23

¶¾
(48)

K úκ1 úκ3 =
m

d

½
2

κ1κ3
r10 + d3r18 − d3r15 + 2

κ1κ3
r16 − d1

κ43
r7 (49)

+ d1d3

µ
1

κ1
− 1

κ3

¶
r19 +

2d1
κ3

µ
1

κ3
− 1

κ1

¶
r14 +

d1d
2
3

2κ23

¾

K úκ2 úκ2 =
m

d

½
− d2
κ2κ3d3

r26 − d2
κ2κ23

r6 − d22κ1
µ
1

κ2
− 1

κ3

¶
r16 +

1

κ42
r21 +

1

κ42
r2 (50)

+d2d3κ1

µ
1

κ2
− 1

κ3

¶
r8 +

d22 (d2 + 3d3)

6κ22
+
d3d

2
2

κ3

µ
1

κ3
− 1

κ2

¶¾
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K úκ2 úκ3 =
m

d

½
−d2
κ43
r7 − 2d2

κ3

µ
1

κ2
− 1

κ3

¶
r14 − d3

κ2κ23
r6 (51)

+
1

κ2κ3
r26 − 2

κ2κ3
r11 − d2d3

µ
1

κ3
− 1

κ2

¶
r19 +

d2d
2
3

2κ23

¾

K úκ3 úκ3 =
m

dκ23

½
1

κ23
r3 +

d33
6
+
1

κ23
r22

¾
. (52)

The time-varying functions ri (t) , i = 1, ..., 26, in (32)-(52) are introduced to simplify the calcula-
tions. They are deÞned as follows

r1 = d1 cos (d1κ1)− 1

κ1
sin (d1κ1) (53)

r2 = d2 cos (d2κ2)− 1

κ2
sin (d2κ2) (54)

r3 = d3 cos (d3κ3)− 1

κ3
sin (d3κ3) (55)

r4 =
1

κ1κ23
[cos (dκ3)− cos (d1κ1 − dκ3)] (56)

r5 = 1− cos (d2κ2) (57)

r6 =
1

κ2
[cos ((d1 + d2) κ2 − dκ3)− cos (d1κ2 − dκ3)] (58)

r7 = 1− cos (d3κ3) (59)

r8 =
1

κ1κ22
[sin (d1κ2)− sin ((d1 + d2) κ2)] (60)

r9 =
1

κ1κ22
[sin (d1 (κ1 − κ2))− sin (d1κ1 − (d1 + d2)κ2)] (61)

r10 =
1

κ1κ23
[sin (d1κ1 − (d1 + d2)κ3)− sin (d1κ1 − dκ3)] (62)

r11 =
1

κ2κ23
[sin (d1κ2 − (d1 + d2) κ3)− sin (d1κ2 − dκ3)

+ sin ((d1 + d2) κ2 − dκ3)− sin (d1 + d2) (κ2 − κ3)] (63)
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r12 =
1

κ23
[sin ((d1 + d2)κ3)− sin (dκ3)] (64)

r13 =
1

κ22
[cos (d1κ2)− cos ((d1 + d2)κ2)] (65)

r14 =
1

κ23
[cos ((d1 + d2)κ3)− cos (dκ3)] (66)

r15 =
1

κ21κ
2
3

[cos (d1κ1 − (d1 + d2) κ3) + cos (d1κ1 − dκ3)] (67)

r16 =
1

κ1κ23
[sin ((d1 + d2)κ3)− sin (dκ3)] (68)

r17 =
1

κ21κ
2
2

[cos ((d1 + d2) κ2 − d1κ1)− cos (d1 (κ2 − κ1))] (69)

r18 =
1

κ21κ
2
3

[cos (dκ3) + cos ((d1 + d2) κ3)] (70)

r19 =
1

κ23
[sin (dκ3) + sin ((d1 + d2) κ3)] (71)

r20 = − (d2 + d3) cos (d1κ1) + d1 + d2 + d3 − 1

κ1
sin (d1κ1) (72)

r21 = −d3 cos (d2κ2) + d2 + d3 − 1

κ2
sin (d2κ2) (73)

r22 = d3 − 1

κ3
sin (d3κ3) (74)

r23 =
d3
κ1κ2

[cos ((d1 + d2)κ2)− cos (d1κ1 − (d1 + d2)κ2)] (75)

r24 =
d2 + d3
κ1κ2

[cos (d1 (κ1 − κ2))− cos (d1κ2)] (76)

r25 =
d3
κ1κ3

[cos (d1κ1 − (d1 + d2) κ3)− cos ((d1 + d2)κ3)] (77)

r26 =
d3
κ2κ3

[cos (d1κ2 − (d1 + d2) κ3)− cos (d1 + d2) (κ2 − κ3)] . (78)

20



B The Entries of the Centripetal-Coriolis Matrix
The elements of the centripetal-coriolis matrix V (q, úq) are deÞned as follows

V11 ,
∂K úd1 úd1

∂d1
úd1 +

∂K úd1 úd1

∂d2
úd2 +

∂K úd1 úd1

∂d3
úd3 +

∂K úd1 úd1

∂κ1
úκ1 (79)

V12 ,
∂K úd1 úd2

∂d2
úd2 −

∂K úd2 úd2

∂d1
úd2 +

∂K úd1 úd1

∂d2
úd1 +

∂K úd1 úd2

∂d3
úd3 (80)

+
∂K úd1 úd2

∂κ1
úκ1 +

∂K úd1 úd2

∂κ2
úκ2 −

∂K úd2 úκ1

∂d1
úκ1 −

∂K úd2 úκ2

∂d1
úκ2

V13 ,
∂K úd1 úd3

∂d3
úd3 −

∂K úd3 úd3

∂d1
úd3 +

∂K úd1 úd1

∂d3
úd1 +

∂K úd1 úd3

∂d2
úd2 (81)

−∂K úd2 úd3

∂d1
úd2 +

∂K úd1 úd3

∂κ1
úκ1 +

∂K úd1 úd3

∂κ3
úκ3 −

∂K úd3 úκ1

∂d1
úκ1 −

∂K úd3 úκ2

∂d1
úκ2

V14 ,
∂K úd1 úκ1

∂κ1
úκ1 − ∂K úκ1 úκ1

∂d1
úκ1 +

∂K úd1 úd1

∂κ1
úd1 +

∂K úd1 úκ1

∂d2
úd2 (82)

+
∂K úd1 úκ1

∂d3
úd3 +

∂K úd1 úκ1

∂κ2
úκ2 +

∂K úd1 úκ1

∂κ3
úκ3 − ∂K úκ1 úκ3

∂d1
úκ3

V15 ,
∂K úd1 úκ2

∂κ2
úκ2 − ∂K úκ2 úκ2

∂d1
úκ2 +

∂K úd1 úκ2

∂d2
úd2 +

∂K úd1 úκ2

∂d3
úd3 (83)

+
∂K úd1 úκ2

∂κ1
úκ1 +

∂K úd1 úκ2

∂κ3
úκ3 − ∂K úκ1 úκ2

∂d1
úκ1 − ∂K úκ2 úκ3

∂d1
úκ3

V16 ,
∂K úd1 úκ3

∂κ3
úκ3 − ∂K úκ3 úκ3

∂d1
úκ3 +

∂K úd1 úκ3

∂d2
úd2 +

∂K úd1 úκ3

∂d3
úd3 +

∂K úd1 úκ3

∂κ1
úκ1 −

∂K úd2 úκ3

∂d1
úd2 −

∂K úd3 úκ3

∂d1
úd3 (84)

V21 ,
∂K úd1 úd2

∂d1
úd1 −

∂K úd1 úd1

∂d2
úd1 +

∂K úd2 úd2

∂d1
úd2 +

∂K úd2 úκ1

∂d1
úκ1 +

∂K úd2 úκ2

∂d1
úκ2 (85)

V22 ,
∂K úd2 úd2

∂d1
úd1 +

∂K úd2 úd2

∂d2
úd2 +

∂K úd2 úd2

∂d3
úd3 +

∂K úd2 úd2

∂κ2
úκ2 (86)

V23 ,
∂K úd2 úd3

∂d3
úd3 −

∂K úd3 úd3

∂d2
úd3 +

∂K úd2 úd2

∂d3
úd2 +

∂K úd1 úd2

∂d3
úd1 +

∂K úd2 úd3

∂d1
úd1 −

∂K úd1 úd3

∂d2
úd1 (87)

+
∂K úd2 úd3

∂κ2
úκ2 +

∂K úd2 úd3

∂κ3
úκ3 −

∂K úd3 úκ1

∂d2
úκ1 −

∂K úd3 úκ2

∂d2
úκ2 −

∂K úd3 úκ3

∂d2
úκ3

V24 ,
∂K úd2 úκ1

∂κ1
úκ1 − ∂K úκ1 úκ1

∂d2
úκ1 +

∂K úd2 úκ1

∂d3
úd3 +

∂K úd2 úκ1

∂κ2
úκ2 (88)

+
∂K úd2 úκ1

∂κ3
úκ3 +

∂K úd1 úd2

∂κ1
úd1 −

∂K úd1 úκ1

∂d2
úd1 − ∂K úκ1 úκ2

∂d2
úκ2
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V25 ,
∂K úd2 úκ2

∂κ2
úκ2 − ∂K úκ2 úκ2

∂d2
úκ2 +

∂K úd2 úd2

∂κ2
úd2 +

∂K úd2 úκ2

∂d3
úd3 +

∂K úd2 úκ2

∂κ3
úκ3 +

∂K úd1 úd2

∂κ2
úd1 −

∂K úd1 úκ2

∂d2
úd1 (89)

V26 ,
∂K úd2 úκ3

∂κ3
úκ3 − ∂K úκ3 úκ3

∂d2
úκ3 +

∂K úd2 úκ3

∂d1
úd1 +

∂K úd2 úκ3

∂d3
úd3 (90)

+
∂K úd2 úκ3

∂κ2
úκ2 −

∂K úd1 úκ3

∂d2
úd1 − ∂K úκ1 úκ3

∂d2
úκ1 − ∂K úκ2 úκ3

∂d2
úκ2

V31 ,
∂K úd1 úd3

∂d1
úd1 −

∂K úd1 úd1

∂d3
úd1 +

∂K úd3 úd3

∂d1
úd3 +

∂K úd2 úd3

∂d1
úd2 +

∂K úd3 úκ1

∂d1
úκ1 +

∂K úd3 úκ2

∂d1
úκ2 (91)

V32 ,
∂K úd2 úd3

∂d2
úd2 −

∂K úd2 úd2

∂d3
úd2 +

∂K úd3 úd3

∂d2
úd3 +

∂K úd1 úd3

∂d2
úd1 (92)

−∂K úd1 úd2

∂d3
úd1 +

∂K úd3 úκ1

∂d2
úκ1 +

∂K úd3 úκ2

∂d2
úκ2 +

∂K úd3 úκ3

∂d2
úκ3

V33 ,
∂K úd3 úd3

∂d1
úd1 +

∂K úd3 úd3

∂d2
úd2 +

∂K úd3 úd3

∂d3
úd3 +

∂K úd3 úd3

∂κ3
úκ3 (93)

V34 ,
∂K úd3 úκ1

∂κ1
úκ1 − ∂K úκ1 úκ1

∂d3
úκ1 +

∂K úd3 úκ1

∂κ3
úκ3 +

∂K úd1 úd3

∂κ1
úd1 −

∂K úd1 úκ1

∂d3
úd1 −

∂K úd2 úκ1

∂d3
úd2 − ∂K úκ1 úκ2

∂d3
úκ2 (94)

V35 ,
∂K úd3 úκ2

∂κ2
úκ2 − ∂K úκ2 úκ2

∂d3
úκ2 +

∂K úd3 úκ2

∂κ3
úκ3 −

∂K úd1 úκ2

∂d3
úd1 +

∂K úd2 úd3

∂κ2
úd2 −

∂K úd2 úκ2

∂d3
úd2 − ∂K úκ2 úκ3

∂d3
úκ3 (95)

V36 ,
∂K úd3 úκ3

∂κ3
úκ3 − ∂K úκ3 úκ3

∂d3
úκ3 +

∂K úd3 úd3

∂κ3
úd3 +

∂K úd3 úκ3

∂d1
úd1 (96)

+
∂K úd1 úd3

∂κ3
úd1 −

∂K úd1 úκ3

∂d3
úd1 +

∂K úd2 úd3

∂κ3
úd2 −

∂K úd2 úκ3

∂d3
úd2 − ∂K úκ1 úκ3

∂d3
úκ1

V41 ,
∂K úd1 úκ1

∂d1
úd1 −

∂K úd1 úd1

∂κ1
úd1 +

∂K úκ1 úκ1

∂d1
úκ1 +

∂K úκ1 úκ3

∂d1
úκ3 (97)

V42 ,
∂K úd2 úκ1

∂d2
úd2 +

∂K úκ1 úκ1

∂d2
úκ1 −

∂K úd1 úd2

∂κ1
úd1 +

∂K úd1 úκ1

∂d2
úd1 +

∂K úd2 úκ1

∂d1
úd1 +

∂K úκ1 úκ2

∂d2
úκ2 (98)

V43 ,
∂K úd3 úκ1

∂d3
úd3 +

∂K úκ1 úκ1

∂d3
úκ1 −

∂K úd1 úd3

∂κ1
úd1 +

∂K úd1 úκ1

∂d3
úd1 (99)

+
∂K úd2 úκ1

∂d3
úd2 +

∂K úd3 úκ1

∂d1
úd1 +

∂K úd3 úκ1

∂d2
úd2 +

∂K úκ1 úκ2

∂d3
úκ2
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V44 ,
∂K úκ1 úκ1

∂d1
úd1 +

∂K úκ1 úκ1

∂d2
úd2 +

∂K úκ1 úκ1

∂d3
úd3 +

∂K úκ1 úκ1

∂κ1
úκ1 +

∂K úκ1 úκ1

∂κ2
úκ2 +

∂K úκ1 úκ1

∂κ3
úκ3 (100)

V45 ,
∂K úκ1 úκ2

∂κ2
úκ2 +

∂K úκ1 úκ1

∂κ2
úκ1 +

∂K úκ1 úκ2

∂κ3
úκ3 +

∂K úκ1 úκ2

∂d1
úd1 +

∂K úd1 úκ1

∂κ2
úd1 −

∂K úd1 úκ2

∂κ1
úd1 +

∂K úd2 úκ1

∂κ2
úd2 (101)

V46 , ∂K úκ1 úκ3

∂κ3
úκ3 +

∂K úκ1 úκ1

∂κ3
úκ1 +

∂K úκ1 úκ3

∂d2
úd2 +

∂K úκ1 úκ3

∂d3
úd3 (102)

+
∂K úd1 úκ1

∂κ3
úd1 −

∂K úd1 úκ3

∂κ1
úd1 +

∂K úd2 úκ1

∂κ3
úd2 +

∂K úd3 úκ1

∂κ3
úd3

V51 ,
∂K úd1 úκ2

∂d1
úd1 +

∂K úκ2 úκ2

∂d1
úκ2 +

∂K úκ1 úκ2

∂d1
úκ1 +

∂K úκ2 úκ3

∂d1
úκ3 (103)

V52 ,
∂K úd2 úκ2

∂d2
úd2 −

∂K úd2 úd2

∂κ2
úd2 +

∂K úκ2 úκ2

∂d2
úκ2 −

∂K úd1 úd2

∂κ2
úd1 +

∂K úd1 úκ2

∂d2
úd1 +

∂K úd2 úκ2

∂d1
úd1 (104)

V53 ,
∂K úd3 úκ2

∂d3
úd3 +

∂K úκ2 úκ2

∂d3
úκ2 +

∂K úd1 úκ2

∂d3
úd1 −

∂K úd2 úd3

∂κ2
úd2 (105)

+
∂K úd2 úκ2

∂d3
úd2 +

∂K úd3 úκ2

∂d1
úd1 +

∂K úd3 úκ2

∂d2
úd2 +

∂K úκ2 úκ3

∂d3
úκ3

V54 ,
∂K úκ1 úκ2

∂κ1
úκ1 − ∂K úκ1 úκ1

∂κ2
úκ1 −

∂K úd1 úκ1

∂κ2
úd1 +

∂K úd1 úκ2

∂κ1
úd1 −

∂K úd2 úκ1

∂κ2
úd2 +

∂K úκ1 úκ2

∂d2
úd2 +

∂K úκ1 úκ2

∂d3
úd3 (106)

V55 ,
∂K úκ2 úκ2

∂d1
úd1 +

∂K úκ2 úκ2

∂d2
úd2 +

∂K úκ2 úκ2

∂d3
úd3 +

∂K úκ2 úκ2

∂κ2
úκ2 +

∂K úκ2 úκ2

∂κ3
úκ3 (107)

V56 , ∂K úκ2 úκ3

∂κ3
úκ3 +

∂K úκ2 úκ2

∂κ3
úκ2 +

∂K úκ1 úκ2

∂κ3
úκ1 +

∂K úκ2 úκ3

∂d2
úd2 (108)

+
∂K úd1 úκ2

∂κ3
úd1 +

∂K úd2 úκ2

∂κ3
úd2 −

∂K úd2 úκ3

∂κ2
úd2 +

∂K úd3 úκ2

∂κ3
úd3

V61 ,
∂K úd1 úκ3

∂d1
úd1 +

∂K úκ3 úκ3

∂d1
úκ3 +

∂K úd2 úκ3

∂d1
úd2 +

∂K úd3 úκ3

∂d1
úd3 (109)

V62 ,
∂K úd2 úκ3

∂d2
úd2 +

∂K úκ3 úκ3

∂d2
úκ3 +

∂K úd1 úκ3

∂d2
úd1 +

∂K úκ1 úκ3

∂d2
úκ1 +

∂K úκ2 úκ3

∂d2
úκ2 (110)

V63 ,
∂K úd3 úκ3

∂d3
úd3 −

∂K úd3 úd3

∂κ3
úd3 +

∂K úκ3 úκ3

∂d3
úκ3 −

∂K úd1 úd3

∂κ3
úd1 (111)

+
∂K úd1 úκ3

∂d3
úd1 −

∂K úd2 úd3

∂κ3
úd2 +

∂K úd2 úκ3

∂d3
úd2 +

∂K úd3 úκ3

∂d2
úd2 +

∂K úκ1 úκ3

∂d3
úκ1
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V64 ,
∂K úκ1 úκ3

∂κ1
úκ1 − ∂K úκ1 úκ1

∂κ3
úκ1 −

∂K úd1 úκ1

∂κ3
úd1 +

∂K úd1 úκ3

∂κ1
úd1 −

∂K úd2 úκ1

∂κ3
úd2 −

∂K úd3 úκ1

∂κ3
úd3 +

∂K úκ1 úκ3

∂d1
úd1 (112)

V65 , ∂K úκ2 úκ3

∂κ2
úκ2 − ∂K úκ2 úκ2

∂κ3
úκ2 − ∂K úκ1 úκ2

∂κ3
úκ1 −

∂K úd1 úκ2

∂κ3
úd1 (113)

−∂K úd2 úκ2

∂κ3
úd2 +

∂K úd2 úκ3

∂κ2
úd2 −

∂K úd3 úκ2

∂κ3
úd3 +

∂K úκ2 úκ3

∂d1
úd1 +

∂K úκ2 úκ3

∂d3
úd3

V66 ,
∂K úκ3 úκ3

∂d1
úd1 +

∂K úκ3 úκ3

∂d2
úd2 +

∂K úκ3 úκ3

∂d3
úd3 +

∂K úκ3 úκ3

∂κ3
úκ3. (114)

The proof for the skew-symmetry property is presented in the next Appendix.

C Skew-Symmetry Property

For
³
úM − 2V

´
to be skew-symmetric, the following should be satisÞed

³
úM − 2V

´
+
³
úM − 2V

´T
= 06×6 (115)

where 06×6 ∈ R6×6 is a matrix of zeros. Since the inertia matrix is symmetric, the following can be
obtained

úM = V + V T (116)

where (115) is utilized. From (116), for
³
úM − 2V

´
to be skew-symmetric the following conditions

for diagonal and off-diagonal elements should be satisÞed

úMii = 2Vii , i = 1, ..., 6 (117)
úMji = Vij + Vji , j = 1, ..., (i− 1) . (118)

The time derivatives of the diagonal entries of the inertia matrix are given as follows

úM11 = 2

µ
∂K úd1 úd1

∂d1
úd1 +

∂K úd1 úd1

∂d2
úd2 +

∂K úd1 úd1

∂d3
úd3 +

∂K úd1 úd1

∂κ1
úκ1

¶
(119)

úM22 = 2

µ
∂K úd2 úd2

∂d1
úd1 +

∂K úd2 úd2

∂d2
úd2 +

∂K úd2 úd2

∂d3
úd3 +

∂K úd2 úd2

∂κ2
úκ2

¶
(120)

úM33 = 2

µ
∂K úd3 úd3

∂d1
úd1 +

∂K úd3 úd3

∂d2
úd2 +

∂K úd3 úd3

∂d3
úd3 +

∂K úd3

∂κ3
úκ3

¶
(121)

úM44 = 2

µ
∂K úκ1 úκ1

∂d1
úd1 +

∂K úκ1 úκ1

∂d2
úd2 +

∂K úκ1 úκ1

∂d3
úd3 +

∂K úκ1 úκ1

∂κ1
úκ1 +

∂K úκ1 úκ1

∂κ2
úκ2 +

∂K úκ1 úκ1

∂κ3
úκ3

¶
(122)
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úM55 = 2

µ
∂K úκ2 úκ2

∂d1
úd1 +

∂K úκ2 úκ2

∂d2
úd2 +

∂K úκ2 úκ2

∂d3
úd3 +

∂K úκ2 úκ2

∂κ2
úκ2 +

∂K úκ2 úκ2

∂κ3
úκ3

¶
(123)

úM66 = 2

µ
∂K úκ3 úκ3

∂d1
úd1 +

∂K úκ3 úκ3

∂d2
úd2 +

∂K úκ3 úκ3

∂d3
úd3 +

∂K úκ3 úκ3

∂κ3
úκ3

¶
. (124)

After comparing (119)-(124) with (79), (86), (93), (100), (107), and (114), it is clear that (117) is
satisÞed. The time derivatives of the off-diagonal entries of the inertia matrix are given as follows

úM12 =
∂K úd1 úd2

∂d1
úd1 +

∂K úd1 úd2

∂d2
úd2 +

∂K úd1 úd2

∂d3
úd3 +

∂K úd1 úd2

∂κ1
úκ1 +

∂K úd1 úd2

∂κ2
úκ2 (125)

úM13 =
∂K úd1 úd3

∂d1
úd1 +

∂K úd1 úd3

∂d2
úd2 +

∂K úd1 úd3

∂d3
úd3 +

∂K úd1 úd3

∂κ1
úκ1 +

∂K úd1 úd3

∂κ3
úκ3 (126)

úM14 =
∂K úd1 úκ1

∂d1
úd1 +

∂K úd1 úκ1

∂d2
úd2 +

∂K úd1 úκ1

∂d3
úd3 +

∂K úd1 úκ1

∂κ1
úκ1 +

∂K úd1 úκ1

∂κ2
úκ2 +

∂K úd1 úκ1

∂κ3
úκ3 (127)

úM15 =
∂K úd1 úκ2

∂d1
úd1 +

∂K úd1 úκ2

∂d2
úd2 +

∂K úd1 úκ2

∂d3
úd3 +

∂K úd1 úκ2

∂κ1
úκ1 +

∂K úd1 úκ2

∂κ2
úκ2 +

∂K úd1 úκ2

∂κ3
úκ3 (128)

úM16 =
∂K úd1 úκ3

∂d1
úd1 +

∂K úd1 úκ3

∂d2
úd2 +

∂K úd1 úκ3

∂d3
úd3 +

∂K úd1 úκ3

∂κ1
úκ1 +

∂K úd1 úκ3

∂κ3
úκ3 (129)

úM23 =
∂K úd2 úd3

∂d1
úd1 +

∂K úd2 úd3

∂d2
úd2 +

∂K úd2 úd3

∂d3
úd3 +

∂K úd2 úd3

∂κ2
úκ2 +

∂K úd2 úd3

∂κ3
úκ3 (130)

úM24 =
∂K úd2 úκ1

∂d1
úd1 +

∂K úd2 úκ1

∂d2
úd2 +

∂K úd2 úκ1

∂d3
úd3 +

∂K úd2 úκ1

∂κ1
úκ1 +

∂K úd2 úκ1

∂κ2
úκ2 +

∂K úd2 úκ1

∂κ3
úκ3 (131)

úM25 =
∂K úd2 úκ2

∂d1
úd1 +

∂K úd2 úκ2

∂d2
úd2 +

∂K úd2 úκ2

∂d3
úd3 +

∂K úd2 úκ2

∂κ2
úκ2 +

∂K úd2 úκ2

∂κ3
úκ3 (132)

úM26 =
∂K úd2 úκ3

∂d1
úd1 +

∂K úd2 úκ3

∂d2
úd2 +

∂K úd2 úκ3

∂d3
úd3 +

∂K úd2 úκ3

∂κ2
úκ2 +

∂K úd2 úκ3

∂κ3
úκ3 (133)

úM34 =
∂K úd3 úκ1

∂d1
úd1 +

∂K úd3 úκ1

∂d2
úd2 +

∂K úd3 úκ1

∂d3
úd3 +

∂K úd3 úκ1

∂κ1
úκ1 +

∂K úd3 úκ1

∂κ3
úκ3 (134)

úM35 =
∂K úd3 úκ2

∂d1
úd1 +

∂K úd3 úκ2

∂d2
úd2 +

∂K úd3 úκ2

∂d3
úd3 +

∂K úd3 úκ2

∂κ2
úκ2 +

∂K úd3 úκ2

∂κ3
úκ3 (135)
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úM36 =
∂K úd3 úκ3

∂d1
úd1 +

∂K úd3 úκ3

∂d2
úd2 +

∂K úd3 úκ3

∂d3
úd3 +

∂K úd3 úκ3

∂κ3
úκ3 (136)

úM45 =
∂K úκ1 úκ2

∂d1
úd1 +

∂K úκ1 úκ2

∂d2
úd2 +

∂K úκ1 úκ2

∂d3
úd3 +

∂K úκ1 úκ2

∂κ1
úκ1 +

∂K úκ1 úκ2

∂κ2
úκ2 +

∂K úκ1 úκ2

∂κ3
úκ3 (137)

úM46 =
∂K úκ1 úκ3

∂d1
úd1 +

∂K úκ1 úκ3

∂d2
úd2 +

∂K úκ1 úκ3

∂d3
úd3 +

∂K úκ1 úκ3

∂κ1
úκ1 +

∂K úκ1 úκ3

∂κ3
úκ3 (138)

úM56 =
∂K úκ2 úκ3

∂d1
úd1 +

∂K úκ2 úκ3

∂d2
úd2 +

∂K úκ2 úκ3

∂d3
úd3 +

∂K úκ2 úκ3

∂κ2
úκ2 +

∂K úκ2 úκ3

∂κ3
úκ3. (139)

After comparing (125)-(139) with the corresponding entries of V (q, úq), then it is clear that (118) is
satisÞed.
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